Abstract-We describe a toolbox, implemented in Matlab, for the computational modelling of optical forces and torques.
MODELLING OPTICAL TWEEZERS WITH THE T -MATRIX METHOD
The T -matrix method in wave scattering is essentially a Hilbert space description of the scattering properties of the scatterer. This involves writing the relationship between the wave incident upon a scatterer, expanded in terms of a discrete sufficiently complete basis set of functions ψ (inc) n , where n is mode index labelling the functions, each of which is a solution of the Helmholtz equation,
where a n are the expansion coefficients for the incident wave, and the scattered wave, also expanded in terms of a basis set ψ
where p k are the expansion coefficients for the scattered wave, is written as a simple matrix equation
or, in more concise notation,
where T kn are the elements of the T -matrix. Since here we are interested in electromagnetic scattering, the functions making up the basis must be divergence-free solutions of the vector Helmholtz equation.
Since the basis functions are discrete, this method lends itself well to representation of the fields on a digital computer, provided that the geometry of the problem permits expansion of the waves as discrete series in terms of the chosen basis, that the response of the scatterer to the incident wave is linear, and that the expansion series for the waves can be truncated at a finite number of terms. For a finite scatterer, if we make use of spherical coordinates, the convergence of the series is well-behaved and known [17] .
The T -matrix depends only on the properties of the particle -its composition, size, shape, and orientation -and the wavelength, and is otherwise independent of the incident field. This means that for any particular particle, the T -matrix only needs to be calculated once, and can then be used for repeated calculations. This is the key point that makes this a highly attractive method for modelling optical trapping and micromanipulation, providing a significant advantage over many other methods of calculating scattering where the entire calculation needs to be repeated.
INCIDENT AND SCATTERED WAVE EXPANSIONS
The natural choice of coordinate system for optical tweezers is spherical coordinates centered on the trapped particle. Thus, the incoming and outgoing fields can be expanded in terms of incoming and outgoing vector spherical wavefunctions (VSWFs):
where the VSWFs are
where h
(1,2) n (kr) are spherical Hankel functions of the first and second kind, N n = [n(n + 1)] −1/2 are normalization constants, and
, and
are the vector spherical harmonics [14] [15] [16] 18] , and Y m n (θ, φ) are normalized scalar spherical harmonics. The usual polar spherical coordinates are used, where θ is the colatitude measured from the +z axis, and φ is the azimuth, measured from the +x axis towards the +y axis. M (1) nm and N (1) nm are outward-propagating TE and TM multipole fields, while M (2) nm and N (2) nm are the corresponding inward-propagating multipole fields. Since these wavefunctions are purely incoming and purely outgoing, each has a singularity at the origin. Since fields that are free of singularities are of interest, it is useful to define the singularity-free regular vector spherical wavefunctions:
Although it is usual to expand the incident field in terms of the regular VSWFs, and the scattered field in terms of outgoing VSWFs, this results in both the incident and scattered waves carrying momentum and angular momentum away from the system. Since we are primarily interested in the transport of momentum and angular momentum by the fields (and energy, too, if the particle is absorbing), we separate the total field into purely incoming and outgoing portions in order to calculate these. The user of the code can choose whether the incident-scattered or incomingoutgoing representation is used otherwise.
We use an over-determined point-matching scheme [18] , providing stable and robust numerical performance and convergence.
Finally, one needs to be able to calculate the force and torque for the same particle in the same trapping beam, but at different positions or orientations. The transformations of the VSWFs under rotation of the coordinate system or translation of the origin of the coordinate system are known [17, [19] [20] [21] . It is sufficient to find the VSWF expansion of the incident beam for a single origin and orientation, and then use translations and rotations to find the new VSWF expansions about other points [18, 22] . Since the transformation matrices for rotation and translations along the z-axis are sparse, while the transformation matrices for arbitrary translations are full, the most efficient way to carry out an arbitrary translation is by a combination of rotation and axial translation. The transformation matrices for both rotations and axial translations can be efficiently computed using recursive methods [19] [20] [21] .
OPTICAL FORCE AND TORQUE
The force and torque exerted on a particle by the beam can be found by integration of the Maxwell stress tensor over a surface surrounding the particle. Fortunately, in the T -matrix method, the bulk of this integral can be performed analytically, exploiting the orthogonality properties of the VSWFs. In this way, the calculation can be reduced to sums of products of the expansion coefficients of the fields.
It is sufficient to give the formulae for the z-components of the fields, as given, for example, by Crichton and Marston [23] . We use the same formulae to calculate the x and y components of the optical force and torque, using 90 • rotations of the coordinate system [21] . It is also possible to directly calculate the x and y components using similar, but more complicated, formulae [24] .
The axial trapping efficiency Q is
in units of n k per photon, where n is the refractive index of the medium in which the trapped particles are suspended. This can be converted to SI units by multiplying by nP/c, where P is the beam power and c is the speed of light in free space.
The torque efficiency, or normalized torque, about the z-axis acting on a scatterer is
in units of per photon, where
is proportional to the incident power (omitting a unit conversion factor which will depend on whether SI, Gaussian, or other units are used). This torque includes contributions from both spin and orbital components, which can both be calculate by similar formulae [23] . Again, one can convert these values to SI units by multiplying by P/ω, where ω is the optical frequency.
TYPICAL USE OF THE TOOLBOX
The toolbox largely consists of the following components:
• routines to calculate the T -matrix, • routines to calculate the multipole expansion coefficients of the incident beam (ie a nm and b nm ), • routines to obtain (from the preceding) the expansion coefficients for an arbitrary choice of origin and orientation of the axes, • routines to calculate the optical force and torque, and • routines to automate common tasks, such as finding the equilibrium position of a trapped particle, spring constants, and force maps, and release-and-track for a particle.
Typically, for a given trap and particle, routines 1 and 2 only need to be executed once. Routines 3 and 4 will usually be run repeatedly, in many cases called from routines 5 rather than directly by the user.
The speed of calculation depends on the size of the beam, the size of the particle, and the distance of the particle from the focal point of the beam. Even for a wide beam and a large distance, the force and torque at a particular position can typically be calculated in much less than one second.
Agreement with precision experimental measurements suggests that errors of less than 1% are expected.
FUTURE DEVELOPMENT
We are actively engaged in work to extend the range of particles for which we can model trapping. This currently included birefringent particles and particles of arbitrary geometry. Routines to calculate the T -matrices for such particles will be included in the main code when available.
We also expect feedback from the optical trapping and micromanipulation community to help us add useful routines and features.
